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Subject

 General subject
 Introduction of an  advice-guided framework 
 for online versions of (linear) cover problems
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Ski rental
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Relaxation and randomized rounding
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Learning augmenting (LA) algorithms 

 LA-specific performance guarantees (dom.-spec.)
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Author's innovation (PDLA)

 Presented at Conference for machine-learning 
(ML) and computat. neuro science (NIPS, 2020)

 Earlier ML-based framework by Lykouris & 
Vassilvitskii (2018)1 for Learn. augment. (LA)

adopted by several followers and applied to various
well-known problems (e.g. scheduling, caching)
  

 Innovative combination of Primal-dual method  
with LA to PDLA

encorporating systematic evaluation of prediction quality

resulting in improved performance for good predictions
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Preliminaries for LA algorithms

Learning augmented algorithm ALA:

Input ALA(A, I,  λ) with

A a prediction ("advice", often not formally defined)

I an instance revealed online

 λ   (0, 1] reflects confidence in prediction A ∈
(low value indicates high confidence)

ALA is C(λ)-consistent and R(λ)-robust if 

c(A, I, λ)  ≤  min { C(λ) ⋅ S(A, I), R(λ) ⋅ OPT(I)  } w.

c(A, I, λ) the cost of the calculated solution

C(λ) the consistency value  

S(A, I) the solution costs when following A "blindly"

R(λ) the robustness value

OPT(I) the cost of the offline optimum

Trade-off idea

Good pred.          C(0) ≈ 1, S(A, I) ≈ OPT(I)

Bad pred.             R(1) ≈ (OPTon(I)/OPT(I) = compet. ratio)

Smoothness         Performance degrades "nicely" in the        
     error of the predictor
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Techniques applied (1/3)

Primal-dual method (Simplex)

Extremly powerful, general method, often applicable for 
hundreds of thousends variables in short time.

Canonical transformation from primal to dual:

- Change maximization to minimization

- Exchange coefficients (right) and objective function

- Replace  '≥'  by  '≤'

  Primal   Dual

Minimize cT x Maximize bT y
       s.t.  ATx ≥ b, x  ≥  0                s.t.  Ay ≤ c, y ≥ 0

The new arrival of an online element results in a new 
variable in the primal and a new constraint in the dual

The Algorithm then updates the fractional solutions of both 
primal (incr. ΔP) and dual (decr. ΔD) to maintain feasibility

Solution is fractional with competitive ratio given by upper 
bounding  ΔP/ΔD

Overall PD scheme (without predictions) adopted from 
Alon et al. (2003)2

Bamas, J. et al. 'The primal-dual method for learning augmented algorithms', 2022



Techniques applied (2/3)

Combinatorial optimization and BLP3

Definition: combinatorial optimization problem (gen. form)
 

- input: finite set E (ground set), I   2⊆ E (feas. sets)
    cost fct. c: E → R

- output: set I*  s.t.  c(I*) = ∑e I*∈  c(E)  asap

Classical examples: TSP, MST, KS

Theorem 1: Any combinatorial optimization problem can be 

formulated as a binary linear program (BLP) & vv 

Theorem 2: Any combinatorial optimization problem can be 

formulated as a (fractional) LP

Reformulation of an integer linear program (ILP) as a LP 

leads from an NP-hard to an efficiently solvable one.            

BUT:

- LP description (characterization) is often unknown 

        - Calculation of descriptions not in polynomial time  

    - Descriptions (complete charact.) may be exp. large
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Techniques applied (3/3)

Relaxation and randomized rounding

To apply the primal-dual technique, the integral linear 
program (ILP) has to be relaxed to a standard LP

The ILP solution is greater or equal than the LP solution

The details of the online rounding are domain-specific 

Authors adopt pre-existing rounding schemes3

Online algorithms

Input items released sequently one-by-one without 
knowledge of future requests

Reactive actions are irrevocable, algorithm tries to optimize 
the objective value for the given moment

Competitive ratio is calculated w.r.t. the optimal offline 
solution

Prediction algorithms

Generally not restricted to online algorithms

Can be tied to many types of predictors (e.g. in TNN)
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Applications of PDLA (1/8)

Weighted set cover (1/2)

Problem description

Let U be a universe of elements ei, F   2⊆ U  a cover of U and 
wS a weight for each S   F.∈
Find a subset of F still covering U with minimum weight.

Primal-dual formulation (standard version, offline)

Let F(e) = {S   F: e   S∈ ∈ }  and xS = 1 (when integral) indicate 
that xS is choosen. 

Primal Dual

minimize ∑
S∈ F

wS xS    maximize ∑
e∈U

ye

s.t.  ∑
S∈ F (e)

x S ≥ 1;  e ∀   U∈ s.t. ∑
e∈ S

y e ≤  wS;  S ∀   F∈

xS ≥ 0; S ∀  F∈ ye ≥ 0; e ∀  U∈

Demonstration example for IG

For F = { {e1, e2}, {e2, e3}, {e1, e3} } with  wS = 1 for all sets S, the above
algorithm without 0-1 constraint evaluates to a fractional solution with weight
1/2 + 1/2 + 1/2 = 3/2, whereas an optimal  BLP solution has weight 2. Hence
IG = 2/ (3/2) = 4/3.
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Applications of PDLA (2/8)

Weighted set cover (2/2)

PDLA  algorithm

Input:    λ, A (i.e. a predicted covering)

Initialize:   xs ← 0, ye ← 0; S, e∀
for all e arriving do

     while ΣS   F(e)∈  xS  < 1 do  

          for all S   F(e) and S   A ∈ ∈ do  /* primal update

                xs ← x S⋅(1+ 1
wS

) + λ
w S⋅∣F (e)∣ + (1 −λ) / (wS⋅∣F (e)∩ A∣)  

          for all S   F(e) and S ∈   ∉ A do

                xS ← x S⋅(1+ 1
wS

) + λ
w S⋅∣F (e) ∣

          ye ←  ye + 1    /* dual update

Based on the predicted covering A   F, for each arriving e a weakly ⊆
increasing fractional solution is build for all xS. For sets containing e, xS 
is strictly increasing, sets with higher weights to a lesser, those con-
tained in the prediction (F(e) ∩ A) to a higher degree, depending on the 
quality of the prediction.

Consistency and robustness

Let d be the maximal number of sets that cover one element.

Theorem   c(A, I, λ) ≤  min { O(1/ (1 - λ))  ⋅S(A, I), O(log(d/λ))  ⋅OPT(I) }

(i) The consistency value C(λ) is O(1/ (1-λ)) 

The primal increase for the costs ΔP can be upper bounded by the 
increase of sets contained in the prediction  ΔPc alone:  ΔP  ≤  
O(1/ (1 - λ))⋅ ΔPc. Hence the increase can be charged to S(A, I).

(ii) The robustness value R(λ) is O(log(d/λ))

Result (ii) by Buchbinder et al.4
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Applications of PDLA (3/8)

Ski rental (1/3)

Problem description

Not knowing if one will still be fond of skiing tomorrow (and on
the remaining N-1 days of a vacation), one has to decide day
by day whether to rent the equipment for 1 dollar or to buy it for
B dollar,  loosing  as  little  money  as  possible.  In  the  online
variation N is not known (and trivial otherwise). 

Primal-dual formulation (standard version, offline)

Let x resp. fj   (j  ∈ [N])  be binary variables indicating whether to
buy (x = 1) or to rent on day j  (fj = 1).

Primal Dual

minimize Bx + ∑
j∈ [N ]

f j maximize ∑
j∈ [N ]

y j

s.t.  x + fj  ≥ 1; j ∀   [N]∈ s.t. ∑
j∈ [N ]

y j ≤  B

x, fj  ≥ 0; j ∀  [N]∈ 1 ≥ yj ≥ 0; j ∀  [N]∈

Seeing one constraint at a time, the algorithm has to make an

update  decision  of  the  variables  in  order  to  keep  the

constraints satisfied in a non-decreasing way.
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Applications of PDLA (4/8)

 Ski rental (2/3)

PDLA algorithm

Let Npred  := A (i.e. the predicted number of vacation days) and
let  e(z) := (1 + 1/B)z  B⋅  

Input: λ, Npred

Initialize: x ← 0, fj ← 0; j ∀
if  Npred  ≥  B  then

     c ← e(λ), c' ← 1   /* prediction suggests buying

else

     c ← e(1/λ), c' ← λ   /* prediction suggests renting

for each new day j s.t. x + fj  < 1  do

     fj ← 1 - x

     x ← (1 + 1/B)  ⋅ x + 1/ ((c - 1)  B)⋅
     yj ← c'   /* dual update

Buying prediction increases x more aggressively

Renting prediction increases yj more aggressively

Balanced strategy (consistency vs robustness) given a
    buying advice waits  λ  B days before buying⋅
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/* primal update; 
/* primal incr. = 1 + 1/ (c - 1)

  Values without
  prediction3:
  c ← e(1), c' ← 1



Applications of PDLA (5/8)

Ski rental (3/3)

Consistency and robustness

Theorem c(A, I, λ) ≤  min { λ
1−e (−λ)

  ⋅ S(A, I), 1
1−e (−λ)

  ⋅ OPT(I) }

(i) The consistency value C(λ) is λ
1−e (−λ)

The primal increase by an update is 1 + 1 / (c - 1). 

If the prediction suggests buying, c = e(λ) and at most λB updates are 

made resulting in a total cost of at most  (λ  ⋅B) / (1 – e(-λ)). Then 

λ / (1 – e(-λ)) (*) = S(A, I), since S(A, I) = B.

If the suggestion encourages renting, c =  e(1/λ) and at most N updates

are made resulting in a total cost of at most  N / (1 – e(-1/λ)). Then 

1 / (1 – e(-λ)) (**) = S(A, I), since S(A, I) = N.

Finally (**) ≤ (*).

(ii) The robustness value R(λ) is  1
1−e (−λ)

The value is prediction-independent and due to Buchbinder et al.4
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Applications of PDLA (6/8)

TCP Acknowledgment (1/3)

Problem description

A network  server  acknowledges  the  correct  arrival  of  TCP
packages  separately  (and  immediately)  or  after  collecting
multiple  packages,  trying  to  minimize  both  the  sum  of  the
number of acknowledgements (to avoid congestion) and the
total amount of latency. 

Primal-dual formulation (standard version, offline)

Let  j be a packet arriving at time  t(j) that is send at the 1st
acknowledgement later  than  t(j),  xt   be  the  sending  of  an
acknowledgement at time t and fjt be set to 1, if packet j was
not acknowledged by  time t. Furthermore let the parameter d
control the time granularity and let each time unit (of latency)
have cost of 1/d.

Primal Dual
min ∑

t∈ T

xt + ∑
j∈M

∑
t ≥ t ( j)

1 /d ⋅f jt max ∑
j∈M

∑
t ≥ t ( j)

y jt

s.t.    fjt + ∑
k=t ( j)

t

x k ≥ 1; j, t  ∀ ≥  t(j) s.t. ∑
j :t ≥ t( j)

∑
t ' ≥ t

y jt  ≤ 1; t ∀  T ∈

fjt ≥ 0, j, t  ∀ ≥  t(j);  xt  ≥  0, t ∀  T∈ 0 ≤  yjt  ≤  1/d;  j, t  ∀ ≥  t(j)
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Applications of PDLA (7/8)

TCP Acknowledgment (2/3)

PDLA algorithm

Let α(t) be the next time t' ≥ t when the prediction sends an 
acknowledgment.

Input: λ, A;

Initialize: x ← 0, y ← 0, 

for all times t do

     for all packages j such that ∑
k=t ( j)

t

x k < 1 do

          if t  ≥  α(t(j)) then 

               c ← e(λ), c' ← 1/d  /* pred. already ackn. packet j

          else

               c ← e(1/λ), c' ← λ /d   /* pred. did'nt ackn. packet j yet

          fjt ← 1 - ∑
k= t( j)

t

xk

xt ← xt + 1/d  (⋅ ∑
k= t( j)

t

xk + 1/ (c - 1))    

          yjt ← c'   /* dual update

This time the prediction consists of a set of times at which an 
acknowledgment is suggested. If a packet j at time t is not 
acknowledged by the fractional solution contrary to the 
predicted suggestion, xt is increased to a higher degree.
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Applications of PDLA (8/8)

TCP Acknowledgment (3/3)

Consistency and robustness

Theorem  c(A, I, λ) ≤  min { λ

1 −e−λ   ⋅ S(A, I), 1

1 −e−λ  OPT(I) }

for d → ∞  

(i) The consistency value C(λ) is λ

1 −e−λ

The proof uses a charging scheme that can be seen as a generalization

of the consistency proof for the ski rental problem giving the same 

value.

(ii) The robustness value R(λ) is  1

1 −e−λ

(Result (ii) by Buchbinder et al.4)
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Excursion: Randomized rounding 
(Simplified Ski rental without pred., Karlin et al., '945)

Primal Dual
minimize Bx + ∑

j∈ [N ]

f j maximize ∑
j∈ [N ]

y j

s.t.  x + fj  ≥ 1; j ∀   [N]∈ s.t. ∑
j∈ [N ]

y j ≤  B

x, fj ≥ 0; j ∀   [N]∈ 1 ≥ yj ≥ 0; j ∀  [N]∈

Let c := (1 + 1/B)B - 1 

Initialize: x ← 0, fj ← 0, yj ← 0; j∀
for each new day j do
if x < 1
   fj ← 1 - x
   x ← (1 + 1/B)  x + 1⋅ / (c  B)⋅
   yj ← 1       /* dual update
 
Then for every step, Δcp = B⋅ Δx + fj = 1 + 1/c, hence  
cp/cd ≤ (1 + 1/c) /1 = 1 + 1/c.
Since cd  ≤  OPTp  ≤  cp  ≤  (1 + 1/c)  c⋅ d  the fractional primal has 

Competitive ratio: cp ≤ (1+ 1/c)  ⋅OPTp  (*)

Theorem   There is a random rounding scheme for the above 
   algorithm resulting in a feasible 0-1 solution
   with the same expected competitive ratio as (*).

Select α   [0, 1] ∈ u.a.r. and run the fractional algorithm above, but with a 
buying decision for x ≥ α, and for renting otherwise.
Let xj be Δx on day j, and let cov be the overall costs s.t.

 E (cov) =  E E (cbuy) +  E (crent), with 
  E E (cbuy) = B  ⋅Pr(buy) = B  ⋅Pr(α ≤ x) = B  ⋅ x  and 

 E (crent) = ∑
j∈ [N ]

Pr (rent at j) = ∑
j∈ [N ]

1 −( x1+x2+...+x j−1) = ∑
j∈ [N ]

f j

Hence E (cov) coincides with the primal objective  and the randomized 
rounding preserves the competitive ratio (in expectation).

Bamas, J. et al. 'The primal-dual method for learning augmented algorithms', 2022

/* primal update



Overview

1. Subject

2. Author's innovation (PDLA)

3. Preliminaries for learning augmented algorithms

4. Techniques applied  (3)
• Primal-dual (Simplex)
• Combinatorial Optimization and BLP
• Relaxation and randomized rounding
• Online algorithms
• Prediction algorithms

5. Applications of PDLA  (8)
• Weighted set cover
• Ski rental
• Dynamic TCP acknowledgment 

6. Excursion: Randomized rounding

7. References

Bamas, J. et al. 'The primal-dual method for learning augmented algorithms', 2022



References

[1] Thodoris Lykouris and Sergei Vassilvitskii:
Competitive caching with machine learned advice
in: Proceedings of the 35th International Conference on Machine Learning, ICML 2018,
Stockholmsmässan, Stockholm, Sweden, July 10-15, 2018, pages 3302–3311, 2018. URL
http://proceedings.mlr.press/v80/lykouris18a.html.

[2] Noga Alon, Baruch Awerbuch, and Yossi Azar: 
The online set cover problem 
in: Proceedings of the Thirty-Fifth Annual ACM Symposium on Theory of Computing, 
STOC ’03, page 100–105,
New York, NY, USA, 2003. Association for Computing Machinery. ISBN 1581136749. 
doi: 10.1145/780542.780558. URL https://doi.org/10.1145/780542.780558.

[3] Niv Buchbinder, Kamal Jain, and Joseph (Seffi) Naor: 
Online primal-dual algorithms for maximizing ad-auctions revenue
in: Lars Arge, Michael Hoffmann, and Emo Welzl, editors,
Algorithms – ESA 2007, pages 253–264, Berlin, Heidelberg, 2007, 
Springer Berlin, Heidelberg.

[4]  Petra Mutzel:
Algorithms for data analysis
Chap. 3, Integer linear programming
University of Bonn, lecture notes, WS 2022/23.

[5] Anna R. Karlin, Mark S. Manasse, Lyle A. McGeoch and Susan Owicki:
Competitive randomized algorithms for nonuniform problems
in: Algorithmica, 11(6): p.542-571, 1994.

Bamas, J. et al. 'The primal-dual method for learning augmented algorithms', 2022


